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Supplementary Notes on the Cobb-Douglas Production Function

The Cobb-Douglas production function can be expressed as Y = A * La  * K(1-a) 

where: 
Y is real output

A is a scalar (further described below)

L is a measure of the flow of labor input

K is a measure of the flow of capital input

“a” is a fractional exponent, 0 < a < 1, representing labor's share of output (described below)

NOTE:  In some cases the "a" (alpha) exponent is assigned to capital; of course, such an assignment reverses the appearance of "a" and "(1-a)" in the expressions here.  A more general form of the function would be Y = A * La * Kb * Tc where T is a third input (land, energy); for Cobb-Douglas, the fractional exponents (a,b, and c) must sum to 1.
CONSTANT RETURNS TO SCALE
The Cobb-Douglas production function has the property of constant returns to scale (CRS) – any proportional increase in both inputs results in an equal proportional increase in output; that is, double both L and K inputs and you get double the Y real output.  Mathematical proof of this property is reasonably simple.  
The CRS property occurs because the sum of the exponents on the L and K input variables sum to one.  In more general forms of this production function, the fractional exponents on the input variables could sum to less than one (decreasing returns to scale) or sum to greater than one (increasing returns to scale or economies of scale).  Thus, these general forms with the log-linear transformation applied below could be (and often are) employed to econometrically test for returns to scale.
TOTAL FACTOR PRODUCTIVITY
Re-writing the production function, one obtains A = Y / La * K(1-a)
This expression is referred to as a measure of total factor productivity; that is, the scalar A has an economic meaning.  The denominator is a geometric-weighted average of the inputs used to produce real output.  Thus, A can be interpreted as real output per unit of input.

This is a better measure of productivity when compared to Y/L, Y/K, or Y/land which are measures of partial productivity.  Partial productivity measures do not take into account the possibility of differing amounts of other inputs used in production which might account for the greater or lesser productivity of a single input.

GROWTH ACCOUNTING FORMULA

The logarithmic transformation of the production function provides a log-linear form which is convenient and commonly used in econometric analyses using linear regression techniques.  For example, as referenced above, employing a more general form of the function can allow for estimation of the coefficient (exponent) values and statistically testing hypotheses about returns to scale.
ln Y = ln A + a * ln L + (1-a) * ln K

Observing that Y, A, L, and K change (grow?) over time, we can take the derivative of this log-linear form.  Recall that d(ln X) = dX / X which can be interpreted as the percentage change in X.
dY / Y = dA / A + a * dL / L + (1-a) * dK / K  or 

%change Y = %change A + a * %change L + (1-a) * %change K

This formula is often used in "growth accounting" exercises to explain the portions of real output growth arising from increases in L or K inputs and total factor productivity.  Knowing (or determining) quantitative measures of the growth of Y, L, and K, the growth of A can be calculated as a "residual".

Most modern macroeconomic textbooks have parts / sections which apply this “growth accounting formula” to the recent U.S. growth experience – after a strong period of productivity growth during the 1950s and 1960s, productivity growth slowed down in the early 1970s and remained low until the mid- to late-1990s when it returned to the earlier, higher rate.  Explaining this experience has been both interesting and difficult.
There are also public policy implications from this formula.  A one percent increase in L or K only increases Y by "a" or "(1-a)" percent, respectively, while a one percent increase in total factor productivity increases output by one percent.  Thus, if public policies are being considered to stimulate the growth of real output, one needs to take these "exponents" into account in assessing the relative impacts of policies on the growth of inputs or productivity on the subsequent growth of real output.

"a" IS LABOR'S SHARE OF OUTPUT

According to the marginal productivity theory of distribution, in competitive economies the factors of production are paid according to the value of their marginal product.  That is, the real wage (W/P or w) paid to labor is equal to its marginal product (MPL) and the real rental price (R/P) paid to capital equals its marginal product (MPK).  Thus, we would have

Y = L * w + K * R/P and with w = MPL and R/P = MPK then 
Y = L*MPL + K*MPK

For the Cobb-Douglas production, the marginal products are 
MPL = dY/dL = a * A * L(a-1) * K(1-a) = a * Y/L 

and 

MPK = dY/dK = (1-a) * A * La * K(-a) = (1-a) * Y/K

Note that these marginal products of the inputs are fractionally (0<a<1) proportional to their average products.  The MPL and MPK have the necessary production function property of diminishing marginal returns; increases in L decrease the MPL and increases in K decrease the MPK.  As well, increases in total factor productivity (A) or the amount of the other input, increase the marginal product of an input; more capital makes labor more productive at the margin.
Then substituting the MPL and MPK into the preceding expression above
Y = L * a * Y/L + K * (1-a) * Y/K or Y = a*Y + (1-a)*Y
That is a*Y is labor's share and (1-a)*Y is capital's share of real output.
Using data from the NIPA for the U.S., one can assign four of the five components of National Income to either labor or capital.  The exception is proprietor's income which is a mixture of labor and capital income paid to the owner/operators of businesses – one could by various arbitrary rules, allocate portions of proprietor's income to labor and capital.  In any case, this empirical exercise would demonstrate that the share of real output earned by labor has remained fairly constant over time at about 70 percent with capital (and other inputs) earning 30 percent (or "a" = 0.7 and "1-a" = 0.3).

DEMANDS FOR FACTOR INPUTS

The marginal product expressions can also be used to derive the factor demand functions (curves) for L and K.

For labor MPL = dY/dL = a * A * L(a-1) * K(1-a) which equals the real wage (W/P or w) in competitive equilibrium.  So,
w = a * A * L(a-1) * K(1-a) 
or in logarithmic form
ln w = ln a + ln A + (a-1) * ln L + (1-a) * ln K

Solving for more standard form demand functions


L = (a * A)-(1-a) * K * w-1/(1-a)

ln L = [(ln a + ln A) / (1-a)] + ln K - [1/(1-a)] * ln w

Notice that increases in A (total factor productivity) or K (the capital input), increase the demand for labor; an increase in the real wage, decreases the quantity of labor demanded.

For capital MPK = dY/dK = (1-a) * A * La * K(-a) which equals the real rental price (R/P) of capital in competitive equilibrium.  So,

R/P = (1-a) * A * La * K(-a) 

or in logarithmic form


ln R/P = ln (1-a) + ln A + a * ln L - a * ln K

Solving for more standard form demand functions


K = [(1-a) + A]-a * L * (R/P)-1/a

ln K = [ln (1-a) + ln A] / a + ln L - [1/a] * ln R/P

Notice that increases in A (total factor productivity) or L (the labor input), increase the demand for capital; an increase in the real rental cost of capital (R/P), decreases the quantity of capital demanded.

These demand functions could each be combined with the appropriate supply functions to analyze factor market conditions and events.
When these demand equations are expressed in logarithmic form, the coefficients of the real wage and real rental price of capital variables can be interpreted as the wage-elasticity of labor demand and rental price-elasticity of capital demand.
