AN EMPIRICALLY-OPERATIONAL MODEL OF SUPPLY AND DEMAND
Definition of terms:
Q 
quantity (market, demanded, or supplied as appropriate)

P 
price

D 
demand shift factor; measures non-price variables that shift or change demand

S 
supply shift factor; measures non-price variables that shift or change supply
e 
own-price elasticity of demand
v 
own-price elasticity of supply

* 
when over a variable, indicates a percentage rate of change
  *

note:  d(ln X) = (1/X) dX  or  dX/X = X

Let the demand function be expressed in the form:   
Q = D x P-e 

and the supply function in the form:   Q = S x Pv
The market equilibrium (static) solutions for price and quantity are:

P = (D/S)1/(e+v)   and   Q = Dv/(e+v)  x  Se/(e+v)
Taking natural logarithms and differentiating these equilibrium solutions yields two equilibrium rate-of-change expressions:
*           *
     * 

* 
* 
   *

 
P  =  D - S         and    Q  =  v D   +   e S 

        (e+v) 

        (e+v)     (e+v)

Alternatively, take the natural logarithms of the original functions:

          ln Q = ln D - e ln P   and   ln Q = ln S + v ln P
then differentiate with respect to time:

 *         *           *                   *         *           *

Q = D - e P   and   Q = S + v P
and solve for the two equilibrium rate-of-change expressions above.
Two special cases:

         *         *           *                     *

If v = infinity, then  Q = D - e P     (and P determined by supply)

           *        *        *
          * 
  *

If v = 0, then  P = D - S        (and Q = S determined by supply)
         e

Two Applications

Data for factory cotton cloth [from Zevin in F&E, Reinterp.]

1815-24
1824-33
1833-60

 *

Q
13.6 %

17.1 % 
5.1 %

 *

P
-1.5 % 

-3.6 % 

-1.3 %

E
3.4 

2.7 

1.5

 *            *

S (=-eP)  5.1 % 
9.7 % 

1.9 %

 *

D 
8.5 % 

7.4 % 

3.2 %

v is taken to be 0 because the industry is assumed to be long-run, perfectly price competitive with constant returns to scale.
Data for U.S. iron industry 1842-1858 [from Fogel & Engerman, in JPE, 1969]

anthracite pig iron 
charcoal pig iron

*

Q
13.19 % 

-1.44 %

*

P
-1.89 % 

-2.59 %

*

D 
8.47 % 

-4.41 %

*

S 
21.95 % 

14.12 %

e 
2.48 


1.18
v 
4.61 


6.07

1/(e+v)    .14 


.14

v/(e+v)    .65 


.84

e/(e+v)    .35 


.16

AN EMPIRICALLY-OPERATIONAL PRODUCTION FUNCTION

Definition of terms:

Q 
quantity produced 


P 
price of output

L 
labor input 



w 
cost of a unit of labor     

K 
capital input 



i 
cost of a unit of capital

R 
raw materials (land) or other non-capital/non-labor input

r 
cost of a unit of raw materials (land) or other non-capital/non-labor input
a,b,c 
exponent coefficients representing output elasticities of inputs (L, K, & R)

A 
index of production efficiency (total factor productivity)

B 
constant term for proportionality
* 
when over a variable, indicates a percentage rate of change

  *

note:  d(ln X) = (1/X) dX  or  dX/X = X

The Cobb-Douglas production function is:  Q = A La Kb Rc
If a+b+c > 1, then there are economies of scale or increasing returns to scale.

If a+b+c < 1, then decreasing returns to scale exist.
If a+b+c = 1, then constant returns to scale exist.

In this last case (crs):

the marginal product of labor = a (Q/L)
the marginal product of capital = b (Q/K)

the marginal product of raw materials (land) = c (Q/R)

Also, each factor earns/receives its share of production as determined by the coefficients a, b, and c.

The equation can be re-written:  A = Q/(La Kb Rc)
That is, total factor productivity is output divided by a geometric-weighted average of inputs.

Taking logarithms of the production function and differentiating with respect to time:
 *         *            *             *            * 
      *         *           *           *            *

Q = A + a L + b K + c R     or    A = Q - a L - b K - c R
It can be shown by derivation from assumptions of profit-maximization under competitive conditions that:

          A = (B wa  ib  rc ) / P

and then taking logarithms and differentiating that:

           *            *            *          *      *

          A = a w + b i + c r - P

Because of cost and price data are frequently more available and tractable than output and input data, using this "cost-price" form is sometimes easier to employ in measuring total factor productivity.

A Regression Analysis Application

Cobb-Douglas production function estimates from Fogel & Engerman (from 

AER, vol. 70, 1980, pp. 672-690) for antebellum (1859) southern U.S. 

cotton agriculture:

Historical economics questions:

did economies of scale exist with farm and plantation size (as measured by labor force size)?

did gang system of labor on plantations influence appearance of economies of scale?
Q = A La Kb Rc   or in natural logs:  lnQ = lnA + a lnL + b lnK + c lnR
Algebraically re-arranging production function:

(lnQ - lnL)  =  lnA  +  s lnL  +  b (lnK - lnL)  +  c (lnR - lnL)

where s = a+b+c-1, measures the degree of economies of scale

The estimated equations:

(lnQ-lnL) = 2.8984 + 0.0645 lnL + 0.1815 (lnK-lnL) + 0.2606 (lnR-lnL)
          (0.0124)        (0.0113) 

   (0.0125)
standard errors in parentheses, R2 = 0.70, N=4,299

(lnQ-lnL) = 3.088 + 0.397 DUM - 0.59 lnL + 0.177 (lnK-lnL) + 0.247 (lnR-lnL)
        (0.039) 
       (0.018) 
(0.011) 
      (0.012)

where DUM = 0 for free farms and slave units with 15 or less slaves, but = 1 for units with 16 or more slaves (threshold for gang system of production organization)

standard errors in parentheses, R2 = 0.71, N=4,299
